We provide a general theoretical framework to describe the electromagnetic properties of viscous charged fluids, consisting for example of electrons in certain solids or plasmas. We confirm that finite viscosity leads to multiple modes of evanescent electromagnetic waves at a given frequency, one of which is characterized by a negative index of refraction, as previously discussed in a simplified model by one of the authors. In particular we explain how optical spectroscopy can be used to probe the viscosity. We concentrate on the impact of this on the coefficients of refraction and reflection at the sample-vacuum interface. Analytical expressions are obtained relating the viscosity parameter to the reflection and transmission coefficients of light. We demonstrate that finite viscosity has the effect to decrease the reflectivity of a metallic surface, while the electromagnetic field penetrates more deeply. While on a phenomenological level there are similarities to the anomalous skin effect, the model presented here requires no particular assumptions regarding the corpuscular nature of the charge liquid. A striking consequence of the branching phenomenon into two degenerate modes is the occurrence in a half-infinite sample of oscillations of the electromagnetic field intensity as a function of distance from the interface. 
I. INTRODUCTION
The flow properties of everyday fluids like water are governed by the Navier-Stokes theory of hydrodynamics. The key parameter governing the dissipative aspects of such fluids are the bulk-and shear viscosities. The most abundant electrically charged fluids are formed by electrons in metals. The theory of transport in normal metals is well understood. These form Fermi-liquids; although at precisely zero temperature this supports a "collisionless" quantum hydrodynamics which is noticeably different from the classical Navier Stokes hydrodynamics at any finite temperature and at sufficiently long times the gas of thermally excited quasiparticles takes over forming yet again a "collision-full" effective classical fluid. 1 These notions were successfully verified in the 1960's and 1970's in the neutral Fermi liquid realised in 3 He, in the form of the famous maximum in the attenuation of zero sound. 2 The zero sound of the collisionless regime corresponds with a coherent vibration of the Fermi surface with a damping proportional to the microscopic collision rate of the quasiparticles 1/τ coll ∼ T 2 , while in the classical regime the damping is just viscous. The damping is in turn determined by Γ (E F /m e )τ coll , where E F is the Fermi energy. 3 The shear viscosity of the Fermi liquid is given by η nE F τ coll and it is noticed that the viscosity (and attenuation) are now proportional to the quasiparticle collision time, diverging like 1/T 2 at low temperatures. Why is it so that this quantity does not play any role in the transport theory of electrons in metals? The reason is well understood. For a hydrodynamical description to make sense the conservation of total momentum of the fluid flow in a finite density system is required at least on the time and length scales associated with the establishment with local equilibrium. This in turn requires Galilean invariance at least on the microscopic scale and in normal metals this is explicitly broken by the atomic lattice. Even when this is perfectly periodic, it is detrimental for the momentum conservation in a Fermi liquid. The reason is that the quasiparticles are characterised by a large Fermi-momentum k F which is of order of the Umklapp wavevector Q with the effect that the states at k F have always a finite admixture of Umklapp copies. This in turn has the effect that at every microscopic collision a certain amount of momentum is dumped in the lattice expressed in terms of the "Umklapp efficiency" ∆, such that the (microscopic) momentum relaxation rate 1/τ K = ∆/τ coll while ∆ ∼ 0.5 in the transition metals. 4 Momentum conservation is therefore already destroyed at the microscopic cut-off in normal metals. More concretely this implies that in an expansion of the time and coordinate derivatives of the current density with τ K as the expansion parameter, the leading term gives the dissipation of the local current density proportional to 1/τ K , followed by terms proportional to dissipation caused by gradients of the current density. The latter terms thus represent a correction on the leading momentum dissipation, where the constant of proportionality defines η. One of the challenges yet to be met is to determine the value of η in a non-Gallilean invariant setting, and its dependence on temperature and frequency. In the context of this paper we will simply assume that this higher order correction exists, and work out a number of physical consequences. For this we will adopt values for η which seem plausible at this moment, but which need to be determined ultimately on the basis of first principles and/or experimental data. As discussed recently by Andreev, Kivelson and Spivak it might well be that an exception is presented in electron systems with a very low density, where k F becomes very small, and density of scattering centers is small compared to 1/Q. In this case other interesting transport properties could emerge due to interaction of the scattering centers with the viscous charged fluid. 5 Very recently it has been questioned to what extend these notions apply to non-Fermi liquids which might be realised in the form of strange metals as in high T c superconductors, heavy fermion systems and so forth. It is believed that these are governed by quantum criticality. At zero temperature their quantum dynamics would be scale invariant while the expectation is that at finite temperatures these are characterised by extremely short "Planckian" 6 relaxation times τ ħ h ∼ ħ h/k B T . 7, 8 This got further impetus by the discovery of the "minimal viscosity-entropy" ratio using the AdS/CFT correspondence 9 which seems confirmed both in the quark gluon plasma created at the heavy ion colliders 10 as well as the cold atom unitary Fermi gas. 11 It is possible that such quantum critical systems are much less sensitive to Umklapp scattering since these lack intrinsic microscopic scales like 1/k F . It was argued that it could therefore well be that first hydrodynamics is realised in such systems while only at longer time scales the lack of Galilean invariance becomes noticeable. 12 Resting on these ideas, several proposals appeared recently for the explanation of the mysterious linear resistivity of for instance the normal state of the high T c superconductors. [13] [14] [15] Electron systems in metals can be probed most conveniently by electromagnetic fields. The question arises, what would be the fingerprint of (non) hydrodynamical behavior of the electrons in the electromagnetic responses that can be measured in the laboratory? Perhaps surprisingly, to the best of our knowledge a general theoretical framework to describe the electromagnetic effects of finite viscosity for charged fluids is not available. The goal of this paper is to construct such a general phenomenological description. In the context of heavy fermion superconductivity, sound attenuation experiments have also been discussed as a probe of the viscosity tensor. 16, 17 The existence of at least two different methods for probing the viscosity would allow to calibrate the various different methods against each other. In Refs. 18 and 19 the effect of viscosity on the refractive index was discussed for different systems, using a string theory setup in the former and linear response theory for pure hydrodynamics plus electromagnetism in the latter. In particular a prediction was given for the generic presence of negative refraction that should be manifest in actual systems such as a quark-gluon plasma.
In Ref. 20 the existence of multiple electromagnetic waves with the same frequency was addressed. In Ref. 21 these works were extended for intrinsically strongly coupled materials beyond the hydrodynamic limit, using the AdS/CFT correspondence. In principle these phenomena could also be present in the electron liquid for certain parameter ranges. For the interpretation of practical experiments two more steps are needed: generalize the theoretical framework to include retarded effect for the viscosity and the presence of a lattice or impurities; relate transmission or reflection coefficients to the parameters describing the electron liquid. The purpose of the present paper is to fill this gap and describe the phenomenology of charged fluids.
The basic strategy of the approach in this paper is to provide a general equation describing the viscous dynamics of the transverse velocity of the fluid and couple it to Maxwell equations to arrive to a theory of the electromagnetic response. Such a closed system leads inter alia to negative refraction and a bifurcation into two modes inside the viscous charge liquid instead of one at any given frequency. In the paper we apply this formalism to the response of a Fermi liquid with finite momentum relaxation to a transverse force, 2 where it is easy to incorporate the viscous response on a phenomenological level, however it should be understood that our theoretical framework and its main consequences apply more broadly, without the need to stack on a specific model. The description of transmission and reflection at the interface involves three constituant relations at the interface instead of the usual two relations. The corresponding modification of the Fresnel equations is derived in analytical closed form. The resulting reflection coefficient exhibits a peak for ω ≈ 1/τ K , which disappears in the limit of zero viscosity. The transmission through a thin metallic film exhibits an increased transparency if the electronic viscosity is finite, which is accompagnied by a strong frequency dependence of the phase which is a sensitive parameter of the viscosity. Finally, in the limit of a weakly interacting Fermi liquid the surface impedance corresponds closely to the results for the anomalous skin effect obtained in the Reuter-Sondheimer approach, 22, 23 obtained with the same parameters. The model presented here can be regarded as a generalization of the Reuter-Sondheimer model to viscous charge liquids at large.
II. EQUATIONS OF TRANSVERSE MOTION OF A VISCOUS CHARGED FLUID

A. Electromagnetic field coupled to a viscous charged fluid
The velocity field, υ(t, r), of a liquid of particles of charge e, mass m and density n gives rise to an electrical current density J(t, r) = ne υ(t, r). Here we will concentrate on fields polarized transverse to the direction of propagation corresponding to the wave vector q. The wave propagation of the transverse electric (E T ) fields is described by the Maxwell equations. For the velocity distribution of the currents (υ T ) 24 we need to take into account the inertial response to a force, the force exerted by the electric field, the momentum relaxation rate to the crystal lattice, and the non-local coupling within the fluid. The non-local corrections can be written as an expansion in the coordinate derivatives of the velocity field. The leading non-local correction for the transverse velocity field is then given by the Laplacian ∆υ(t, r). If a given flow pattern is suddenly switched off at t = 0, a non-equilibrium situation will persist on the time-scale of the inter particle collision time τ coll . Consequently the individual particles respond to the flow pattern that has existed in the past, i.e. the force, is
is the memory function related to the viscosity. In the frequency domain this can be represented as ν(ω)∆υ( r), where, according to the preceding argument, the generalized viscosity ν(ω) is a causal response function corresponding to the Fourier transform of M ν (t). For fields and currents with a time dependence described by exp (−iωt) the corresponding set of differential equations forms a simple closed system
For τ −1 K = 0 the second equation is the Navier-Stokes equation for transverse currents, generalized to a frequency dependent ν(ω). The eigenstates of Eqs. 1 and 2 are linear superpositions of terms of the form exp (iq j z − iωt) having the same frequency ω, and q j satisfies the self-consistent relation
where we defined ω 2 p ≡ 4πne 2 /m. The q 2 dependence of the pole results from the non-zero viscosity of the medium and gives rise to all the exotic effects that we describe in this paper. For ν(ω) = 0 Eq. 3 reduces to the dielectric function described by the Drude model. Previously Benthem and Kronig have derived a similar relation, where they neglected the displacement current as being small compared with the conduction current (Eq. (6) of Ref. 25) . From this expression they calculated the surface impedance, assuming for ν the universal value ∼ ħ h/m. Combining Maxwell's equations with the general expression for the convective derivative for the velocity of an electron, Gilberd arrived at a different result, 26 where in the denominator of the expression for q 2 c 2 /ω 2 a real term proportional to q/ω appeared instead of the imaginary dispersive term iνq 2 of Eq. 3. 27 A similar situation exists when light is absorbed by excitations exhibiting a non-negligible dispersion as a function of q. This is known to occur for excitons in semiconductors, 28 and has been predicted for strongly dispersing optical phonons. 29 Unlike Eq. 3, in these cases the q-dispersion enters through a non-dissipative term in the denominator of the dielectric function. Using the relation q j = n j k between wave vector and refractive index where k ≡ ω/c is the wavenumber in vacuum, and solving Eq. 3 for q j , we obtain
where we adopted the compact notation ν c = ν(ω)/c 2 and n j and ν c have implicit frequency dependence. The electrohydrodynamical properties are thus characterized by the two time scales ν c and τ K , and by the plasma frequency ω p . The first interesting observation is that for any given frequency ω, two modes of electromagnetic field coupled to matter (labeled j = 1, 2) exist in a viscous charged liquid, which are distinguished by the two possible values of n 2 j (ω), a phenomenon described as additional light waves in Ref. 30 .
B. Behaviour at the vacuum/matter interface
Here we concentrate on experiments which can be performed with state of the art methods, namely reflection at the surface of a sample and transmission through a film. The Maxwell equations provide the conditions that at each interface E(z) and ∂ E/∂ z are continuous. An additional condition follows from the properties of Newtonian fluids. The tangential friction per unit area exerted by the moving fluid on the boundary of the solid is, in leading order, proportional to the velocity at the interface, κυ. In equilibrium this has to be balanced by the force exerted by the velocity gradient of the viscous fluid, η∂ υ/∂ z, leading to the Navier constitutive relation. 31 Taken together we arrive at the following three constitutive relations at the two interfaces
The constant λ = η/κ is the slip length, where λ = 0 (λ = ∞) corresponds to the interface being maximally rough (smooth). To be specific we consider an electromagnetic wave of frequency ω propagating along z from −∞ to the sample, which has one boundary defined by the plane z = 0 and the other by z = d. Part of the wave is reflected back, with an amplitude characterized by the reflection coefficient r, the amplitude transmitted to z > d is characterized by the transmission coefficient t, and inside the slab the wave-amplitude is a superposition of the 4 modes:
Since Imn j >0, the two terms e −in j kz are exponentially diverging for z → ∞. In the limit of a half infinite sample θ 1 and θ 2 therefore converge to zero, and only t 1 and t 2 contribute to the transport of electromagnetic radiation into the material.
In the case of reflection/transmission at the vacuum/sample interface of a half-infinite sample we combine Eqs. 6 with aforementioned constitutive relations at the vacuum-matter interface at z = 0, which leads in a straightforward fashion to the transmission and reflection coefficients at such an interface
The surface impedance Z is obtained from the second member of Eq. 7, using the general expression relating surface impedance and reflection coefficient
where Z 0 is the vacuum impedance. Another relevant case is that of a film of thickness d with vacuum on either side. The field inside the film is a superposition of all 4 solutions of Eq. 4, i.e. the exponentially decaying as well as the exponentially increasing ones. Taken together with the reflection amplitude r f ilm for z < 0 and the transmission amplitude t f ilm for z > d the problem of the constitutive relations at both interfaces corresponds to a system of 6 linear equations with 6 unknown parameters. By combining the constitutive relations defined in Eq. 5, four of these combinations provide the matrix expression
where we use the compact notations f 1 = e in 1 kd , f 2 = e in 2 kd and ξ = iλk. Numerical inversion provides t 1 , θ 1 , t 2 and θ 2 , from which the reflection and transmission coefficients of the film are obtained using the remaining two constitutive relations (10) where, similar as in experimental practice, the transmission is calibrated against the transmission through a slice of vacuum with the same thickness, d, as the film.
III. RELEVANT PARAMETER RANGE OF MOMENTUM RELAXATION AND VISCOSITY COEFFICIENT.
Before we turn to the examples based on numerical solution of the expressions in the previous section, it will be useful to explore the relevant parameter range for the viscosity and the relaxation rate. Two limiting cases have been explored theoretically in some detail in the literature: Fermi-liquids and quantum critical states.
Since in a Fermi-liquid context viscosity and diffusivity correspond to the same quantity, 3 it therefore follows that ν(0) = υ 2 F τ coll . For our numerical examples we make the reasonable approximation that the memory function follows an exponential decay, i.e. M ν (t)τ = ν(0) exp (−t/τ), so that ν(ω) = ν(0)/(1 − iωτ). Definitions ofτ,υ F and further details are provided in the Appendix. When we solve Eq. 2 with this function, we obtain the relations for transverse sound in a Fermi liquid describing the dispersion (Re q(ω)) and the attenuation (Im q(ω)) of first (ωτ << 1) and zero (ωτ >> 1) transverse sound of liquid 3 He in the normal state. We thus obtain the following expression for the generalized viscosity
The result for ν(ω) in the hydrodynamic limit (ω → 0) is a real number, hence the viscous response is purely dissipative. In the "collisionless" limit, i.e. for frequencies high compared to the collision rate, this crosses over to purely reactive response. Moreover ν(ω) is proportional to υ 2 F , implying that materials with a high Fermi velocity such as aluminum (having υ F /c ∼ 0.003) are expected to be record holders for viscosity related phenomena.
Despite its equally high Fermi velocity a drastically different situation has been anticipated for graphene as a result of the quantum criticality of this system, 7 therefore bringing it close to the lower bound conjectured in the context of the quark gluon plasma. In this case the dynamic viscosity (related to the kinematic viscosity as η = mnν) is given by the relation 32 η/s ≥ Aħ h/k B where s is the entropy density. We associate an elastic mean free path l 0 with the breaking of the Galilean invariance, and the kinematic viscosity ν with the diffusivity. Besides the assumption that intrinsic rapid relaxation processes are governing the electron system, an additional condition is that the length scales associated with the momentum relaxation processes are still large. Operationally this means that l 0 has to be large compared to the lattice constant: this is a "clean limit" notion. The transport of quantum critical systems can also be addressed -to a degree-in the dirty limit 33 where very different principles are at work. The momentum relaxation rate is in such simple liquids (and also the local quantum critical liquid computed holographically in Ref. 
where λ e = 2.4 · 10 −14 cm is the Compton wavelength for electrons. Since l 0 must be larger than the interatomic distance, l 0 > 10 −8 cm and s can not exceed the equipartition value, s < k B n, we conclude that ν c /τ K < 10 −12 , i.e. some 7 orders of magnitude below the Fermi liquid estimate. It may therefor be difficult in practice to experimentally access the regime relevant to the quantum critical state. For a Fermi liquid on the other hand, the parameters are much more favorable for experimental observation. 
IV. NUMERICAL EXAMPLES
A. Refractive indices
In Fig. 1 the real and imaginary part of the two refractive indices are displayed for selected values of the parameters describing the fluid, utilising Eq. A5 for the frequency dependence of the viscosity parameter. For the range ωτ K < 1 the two solutions of Eq. 3 are described by the leading order terms of the expansion in ν c ω and
In the non-viscous limit n 1 converges to the conventional expression of an evanescent electromagnetic wave: In this limit the second mode has Imn 2 → ∞, so that the wave amplitude, exp (−Imn 2 kz), vanishes for all z. Consequently the n 1 mode is the sole non-trivial solution for ν = 0. For the viscous case there exist two solutions for the same ω, corresponding to collective modes of different admixtures of the coupled charge-liquid and the electromagnetic field. At low frequencies the n 1 branch approaches the usual evanescent electromagnetic wave. The second branch n 2 has, by virtue of the constant real part, the characteristics of transverse sound, with an attenuation constant diverging as 1/ω. This mode is similar in character to aforementioned attenuated transverse sound of 3 H e.
2 Another intriguing aspect of this mode is the fact that for ν c τ K ω 2 p > 1, the real part of n 2 is negative at low frequencies. This is the footprint of the very interesting phenomenon called negative refraction, [34] [35] [36] in which the phase velocities and the energy flux are in opposite direction. It was discussed in the context of charged fluids in Refs. 18 and 19, where a particular form of equations 1,2 was considered, for which the viscosity is real and frequency independent, and the momentum is not dissipated: 1/τ K = 0. The frequency ωτ K = 1 constitutes a peculiar bifurcation point: for ωτ K > 1 the character of n 1 and n 2 is swapped when the viscosity drops below the critical value ν c τ K ω 2 p = 1; i.e. for ν c τ K ω 2 p < 1 the n 1 branch has Ren 1 ∼ 1 and Ren 2 >> 1, whereas for ν c τ K ω 2 p > 1 this is the other way around.
B. Surface impedance
In Fig. 2 As is the case in Ref. 22 the resulting curves for any given value of α are universal, i.e. they do not depend on the particular choice of υ F /c and τω p . The Reuter-Sondheimer model parts from a weakly interacting electron měodel, for which the Boltzmann equations are solved in the case where the mean free path is longer than penetration of the electromagnetic rays. The situation at the surface is treated in terms of a fraction p of particles which are scattered specularly, and 1 − p which is scattered diffusively. The results in Fig. 3 Ref. 22 are for the limit of pure specular scattering, corresponding to a perfectly smooth interface for which λ = ∞. The close correspondence between the Reuter-Sondheimer prediction and the present result implies that, for the case of weakly interacting electrons, we have obtained an alternative formulation of the anomalous skin effect, with a set of simple expressions in analytically closed form. At the same time, the present approach has a potentially broader applicability since it does not rely on any particular assumptions regarding the corpuscular nature of the charge liquid, and is of particular interest for the optical properties of quantum critical matter.
C. Reflection at vacuum/matter interface of a half-infinite sample
The result for the reflection coefficient is displayed in Fig. 3 for selected values of the parameters. For a clean material with a perfectly smooth surface, the expected behavior corresponds to the result shown in the rightmost panel with λω p = ∞. Based on the estimates made above for the viscosity and relaxation time, the curve with υ F /c = 0.0032 comes closest to the expected parameter range of a Fermi liquid. We should contrast this curve to the Drude curve (orange). Clearly, the viscosity has the effect of suppressing the reflection coefficient, or increasing the absorption on the solid: the absorption forms a peak at ωτ K ≈ 1, where the maximum increases from about 0.002 in the Drude limit to 0.004 for υ F /c = 0.0032. Increasing the surface roughness (left panel of Fig. 3) demonstrates the increased effects of finite viscosity on the absorption of the material. Intuitively this confirms what one expects: Extreme surface roughness forces the current to be zero at the sample surface. Due to the viscosity this slows also the current deeper in the fluid, which therefor is less effective in screening the external electromagnetic field, and so becomes a less effective mirror. The phase shown in the lower panels is a much less sensitive probe of the viscosity parameter. Since the phase of a reflectivity signal is already notoriously difficult to measure, for all practical purposes the best strategy for experiments is probably to concentrate on the absorption coefficient 1 − |r(ω)| 2 . An electromagnetic wave of frequency ω incident at the surface will excite two modes of the same frequency inside the material, with amplitudes given by the transmission coefficients t j at the vacuum-matter interface. Both solutions are exponentially decaying as a function of distance, each with a different decay length. An additional consequence is that, since n 1 and n 2 have different real parts, the intensity |t 1 exp (in 1 kz) + t 2 exp (in 2 kz)| 2 exhibits standing wave patterns as a function of distance from the interface in the range where both modes are of comparable amplitude. An example of this behavior is shown in Fig. 4 . In principle experimental methods can be devised to measure these oscillations of the field by local probe techniques.
E. Thin film transmission
As pointed out at the end of section II B, the thin film transmission can be calculated numerically from the reflection and transmission amplitudes at both interfaces using Eq. 10, and a numerical inversion of the 4 × 4 matrix of Eq. 9 describing the 4 rays inside the film. Examples for representative parameters are shown in Fig. 5 . Just as for the reflectivity of a thick sample, the viscosity has the effect of changing the spectral appearance: for the Drude model without viscosity the transmission spectrum has a plateau for ωτ K < 1, followed by a minimum at ωτ K ≈ 1 and a rise to about |t| = 1 for ω → ω p . Increasing the viscosity has several effects: The transmission develops a maximum at ωτ K ≈ 1, the minimum is pushed to somewhat higher frequencies, and also in this case the transmission rises to |t| = 1 for ω → ω p . Interestingly, in the frequency range between the maximum and the minimum there are Fabry-Perot resonances, associated with the n 1 branch which has a relatively weak attenuation in this frequency range. Note that the propagation of the n 1 mode becomes similar to a standard polariton mode in an insulating material despite that we are dealing with a metal. We also see that the phase of the transmission spectrum is an extremely sensitive probe of the viscosity for ωτ K >> 1. In particular, while for small values of ν c (0) it is a weakly decreasing function of frequency, it has a rapid rise for υ F /c > 0.003.
V. CONCLUSIONS
We have derived a general framework to deal with electromagnetic properties of charged fluids and we have derived some of their main properties. We have shown the existence of two coupled electromagnetic-matter modes for a given frequency inside a viscous charged fluid, one of these two has a negative value for the real part of the index of refraction for low frequency. Moreover we have computed some observables: reflection and transmission coefficients, that could be measured in actual experiments. Our results provide perspectives for a novel generation of experiments and devices for the detection of viscosity in charged or electron liquids and the possible exploitation of multiple waves and negative refraction in such systems. to be negligible. In the second step q(ω) is calculated from
We see, that the function q(ω) depends uniquely on the collision rate τ
−1 coll
, the Fermi-velocity υ F , and on F 1 . We obtained the following parametrization by fitting to the numerical solution of Eq. A1:
This expression merges with the exact solution for ω → 0, and it is rather accurate for all other frequencies and parameters.
To obtain the viscosity from this, we observe that the hydrodynamic free propagation of transverse polarized modes in a neutral liquid is described by ∂ υ/∂ t = ν∆υ, from which iω = νq 2 . In order to extend the description to finite frequencies beyond the hydrodynamic limit, we introduce the frequency dependent memory function
with q(ω) given by either the solution of Eq. A1 or the parametrization, Eq. A3. In the latter case we obtain the expression 
